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We study cooperative effects in energy transfer (ET) from an ensemble of donors to an acceptor
near a plasmonic nanostructure. We demonstrate that in cooperative regime ET takes place from
plasmonic superradiant and subradiant states rather than from individual donors leading to a sig-
nificant increase of ET efficiency. The cooperative amplification of ET relies on the large coupling of
superradiant states to external fields and on the slow decay rate of subradiant states. We show that
superradiant and subradiant ET mechanisms are efficient in different energy domains and therefore
can be utilized independently. We present numerical results demonstrating the amplification effect
for a layer of donors and an acceptor on a spherical plasmonic nanoparticle.
Efficient energy transfer (ET) at the nanoscale is one
of the major goals in the rapidly developing field of
plasmonics. Fo¨rster resonance energy transfer (FRET)
[1, 2] between spacially separated donor and acceptor
fluorophores, e.g., dye molecules or semiconductor quan-
tum dots (QD), underpins diverse phenomena in biol-
ogy, chemistry and physics such as photosynthesis, exci-
ton transfer in molecular aggregates, interaction between
proteins [3, 4] or, more recently, energy transfer between
QDs and in QD-protein assemblies [5–7]. FRET spec-
troscopy is widely used, e.g., in studies of protein folding
[8, 9], live cell protein localization [10, 11], biosensing
[12, 13], and light harvesting [14].
During past decade, significant advances were made
in ET enhancement and control by placing molecules or
QDs in microcavities [15–17] or near plasmonic mate-
rials such as metal films and nanoparticles (NPs) [18–
31]. While Fo¨rster transfer is efficient only for relatively
short donor-acceptor separations ∼10 nm [3], a plasmon-
mediated transfer channel supported by metal NPs [32–
37], films and waveguides [35, 38] or doped monolayer
graphene [39], can significant increase the transition rate
at larger distances between donor and acceptor. At the
same time, dissipation in metal and plasmon-enhanced
radiation reduce the fraction of donor’s energy available
for transfer to the acceptor. In a closely related phe-
nomenon of plasmon-enhanced fluorescence from a sin-
gle fluorophore [40–43], the interplay between dissipation
and radiation channels, which determines fluorophore’s
quantum efficiency, depends sensitively on its distance
to the metal surface [44, 45]. A nearby acceptor will
absorb some of the donor fluorophore energy via three
main transfer channels: Fo¨rster channel, non-radiative
plasmon-mediated channel, and plasmon-enhanced ra-
diative channel, the latter being dominant for interme-
diate distances [37]. The fraction of the donor energy
absorbed by the acceptor is then determined by an inter-
play between transfer, radiation and dissipation channels,
so that an increase of ET efficiency implies either increase
of the transfer rate or reduction of the dissipation and/or
radiation rates.
Here we describe a novel cooperative amplification
mechanism for ET from an ensemble of donors to ac-
ceptors that takes advantage of the subtle balance be-
tween energy flow channels in a plasmonic system. In
a typical experimental setup, a large number of donors
are deposited on top of a silica shell around a gold or
silver core of a spherical core-shell NP, while the accep-
tors are attached to the NP surface via linker molecules
(see schematic in Fig. 1). If the donors’ separation from
the metal surface is not so small that dissipation is the
dominant channel, then the donors’ coupling through NP
plasmons gives rise to new system eigenstates – superra-
diant and subradiant states [46], which, in the presence
of a NP, are considerably more robust due to a strong
plasmonic enhancement of radiative coupling [47, 48]. In
this case, ET to an acceptor takes place from these col-
lective states rather than from each of many individual
donors. Importantly, the energy flows in a system in the
cooperative regime differ dramatically from those in a
system of individual donors. While a few superradiant
states carry only a small fraction of donors’ energy, the
large matrix element with external electric fields leads
to a huge decay rate that scales with the system size.
In a similar manner, the large coupling of superradiant
states with the electric field of an acceptor spatially sep-
arated from the donor layer increases the transfer rate
and ensures, as we demonstrate below, a much more ef-
ficient plasmon-assisted ET than from the same number
of individual donors.
On the other hand, the multitude of subradiant states
which store the nearly entire system energy are char-
acterized by a much slower decay rate than individual
donors coupled to a NP [47, 48] implying lower energy
losses through dissipation and radiation channels. As we
show below, this reduction of losses in the cooperative
regime leads to a dramatic ET amplification relative to
ET from individual donors. Importantly, here the reduc-
tion of losses does not require continuous pumping to sus-
tain loss compensation by gain medium, but takes place
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FIG. 1. ET for N = 100 donors on top of spherical core-shell
NP with Ag core radius Rc = 20 nm and SiO2 shell thickness
5 nm (a), 20 nm (b), 30 nm (c), 40 nm (d), and 50 nm (e),
and acceptor at a distance d = 10 nm from NP surface. Full
calculations for two donor-acceptor sets with spectral bands
tuned to dipole (set 1) and high-l (set 2) plasmon resonances
are compared to individual donors approximation.
”naturally” due to plasmon exchanges by the donors.
To pinpoint the origin of cooperative amplification,
consider ET from a single donor to an acceptor near a
metal nanostructure. The fraction of transferred energy,
Wad, in unit frequency interval relative to the total en-
ergy stored in the donor, Wd, is given by [37]
1
Wd
dWad
dω
=
9σ˜a(ω)
8πk4
f˜d(ω)
∣∣∣D˜ad(ω)∣∣∣2 γrd
Γd(ω)
, (1)
where γrd is the donor free space radiative decay rate [49],
Γd is its full decay rate that depends on its distance to the
metal surface, f˜d and σ˜a are, respectively, donor’s spec-
tral function and aceptor’s absorption cross section modi-
fied by the metal, D˜da is the donor-acceptor coupling that
includes direct Coulomb as well as plasmon-mediated
channels, and k = ω/c is light wavevector. The ET ef-
ficiency is mainly governed by the competition between
the factor |D˜ad(ω)|
2 that determines plasmon-enhanced
transition rate and the quenching factor γrd/Γd. In the
absence of metal, only Coulomb interaction contributes
to the transition rate, i.e., |Dad|
2 ∝ r−6ad , where rad is
donor-acceptor separation, and there is no quenching,
i.e., γrd/Γd = 1, so that frequency integration of Eq. (1)
yields the standard Fo¨rster transfer rate (rF /rad)
6
, where
rF is the Fo¨rster radius determined by the overlap of
donor and acceptor spectral bands. In the case of many
individual donors (i.e., not interacting with each other),
the r.h.s of Eq. (1) is summed over all donors positions.
For an ensemble of donors, ET takes place from the
system eigenstates, hereafter labeled by J , and Eq. (1)
holds for each eigenstate, while the ET spectral density
is obtained by summation over all eigenstates J ,
1
Wd
dWens
dω
=
9σ˜a(ω)
8πk4
∑
J
f˜J(ω)
∣∣∣D˜aJ(ω)∣∣∣2 γrd
ΓJ(ω)
, (2)
where ΓJ , f˜J(ω), and D˜aJ(ω) are, respectively, the
eigenstate J decay rate, spectral function, and coupling
strength to the acceptor. The full energy absorbed by an
acceptor is obtained by frequency integration of Eq. (2).
The derivation of Eq. (2) is provided in Supplemental
Material, and here we discuss its implications and present
our numerical results.
In the cooperative regime, the superradiant states are
strongly coupled to the electric field of an acceptor, i.e.,
DaJ ≫ Dad, while subradiant states decay much slower
than individual donors, i.e., ΓJ ≪ Γd. In both cases,
the result is a significant amplification of ET. This is il-
lustrated in Figs. 1 and 2 for an ensemble of 100 donors
randomly distributed on surface of a spherical core-shell
NP of radius R immersed in water, with Ag core radius
Rc and Silica shell thickness L = R − Rc, and an ac-
ceptor at distance d = 10 nm from the NP surface (see
inset in Fig. 1). We assume that the donors’ and accep-
tor’s dipole orientations are all normal to the NP surface
and their respective emission and absorption bands are
Lorentzians of width 0.1 eV centered at energies ωd and
ωa. We expect that in the cooperative regime, the super-
radiant states are dominant at energies near the dipole
plasmon resonance, while subradiant states are best de-
veloped at energies close to those of l = 2 and l = 3
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FIG. 2. Same as Fig. 1 for core radius Rc = 30 nm and shell
thickness 5 nm (a) and 20 nm (b), 40 nm (c), 60 nm (d), and
80 nm (e).
plasmons (note that, at a given distance, dipole-NP in-
teraction rapidly falls with increasing l). Accordingly, we
use two sets of donors and acceptors: set 1 has ωd lying
in the dipole plasmon band (at 3.15 eV), and set 2 has ωd
lying in the higher-l plasmons region (at 3.85 eV); in both
cases, ωa is redsifted by 0.1 eV from the corresponding
ωd. Note that high-l plasmons with energies above 4.0
eV are damped by electronic interband transitions in Ag.
In all calculations, we used experimental Ag permittivity
and included angular momenta up to lmax = 75.
In Fig. 1 we plot the energy dependence of normalized
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FIG. 3. Amplification factor of frequency-integrated ET rel-
ative to that for individual donors vs. shell/core ratio.
ET, given by Eq. (2), for Ag core radius Rc = 20 nm and
SiO2 shell thickness in the range from 5 nm to 50 nm
(i.e., overall NP radius R between 25 and 70 nm). ET
for each donor-acceptor set is compared to ET calculated
for individual donors and all curves are normalized per
donor. For relatively thin shells, the individual donor ap-
proximation yields significantly higher ET for set 1 since
it neglects plasmon exchanges between the donors and
hence underestimates the dissipation, while ET for set 2
is suppressed by very strong dissipation in the high-l plas-
mon region. With increasing shell thickness, as donors
move away from the metal core, the system transitions
to the cooperative regime [47, 48] and ET from superra-
diant states (set 1) overtakes ET from individual donors
due to the much stronger coupling to the acceptor, as
discussed above. At the same time, ET from subradi-
ant states emerges (set 2) and, for thicker shells, signif-
icantly exceeds ET from individual donors due to the
much slower decay rates. Remarkably, the superradiant
and subradiant amplification mechanisms can be utilized
independently in different energy domains.
For larger NP, the ET amplification sharply increases
(see Fig. 2) due to a stronger plasmon-enhanced radia-
tive coupling between the donors [37] that leads to a
more robust cooperative regime [47, 48]. The peak en-
hancement for both set 1 and set 2 relative to individual
donors reaches ∼ 10 for the largest NP. The crossover
to the cooperative regime is determined by the ratio of
shell thickness to core radius (L/Rc) rather than by shell
thickness alone, and therefore ET for Rc = 30 nm core
NP overtakes ET from individual donors at thicker shells
(compare Figs. 1 and 2). Importantly, the evolution of
cooperative ET and of ET from individual donors with
increasing shell thickness show opposite trends: the for-
mer increases with thickness while the latter is reduced.
The role of cooperative effects is most pronounced in
4frequency-integrated ET relative to that for individual
donors (amplification factor). This shows a dramatic ET
increase for larger NP at similar values of shell/core ratio
(Fig. 3). The onset of the cooperative regime corresponds
to amplification factor ∼ 1 and takes place at shell/core
ratio ∼ 1. With increasing shell thickness, amplification
factor reaches ∼ 5 for 20 nm core NP and ∼ 20 for 30
nm core NP.
With further increase of NP size, ET amplification
should eventually saturate and, as the system size ex-
ceeds the radiation wavelength λ (∼ 400 nm in our case),
scale back to ∼ 1. Indeed, as system size approaches λ,
the plasmonic field enhancement weakens due to retar-
dation effects and the cooperative regime is destroyed by
the dissipation effects [47, 48]. The optimal NP size for
cooperative amplification of ET is expected to be similar
to that for plasmon-enhanced fluorescence [40–43].
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5SUPPLEMENTAL MATERIAL
Here we present the derivation of Eq. (2) by extending
our single-donor model of ET [37] to the case N donors
and a single acceptor near a plasmonic nanonostructure
following our approach to plasmon-assisted cooperative
effects [47, 48]. The donors and the acceptor are de-
scribed by point-like dipoles with excitation frequencies
ωd and ωa, respectively, located at rj (j = 1, ..., N) and
ra with induced dipole moments pj(ω) = pj(ω)ej and
pa(ω) = pa(ω)ea along ej and ea. All dipoles are driven
by the common electric field,
pa(ω) = αa(ω)E(ra, ω), (3)
pj(ω) = αj(ω)E(rj , ω) + p
0
j(ω),
where αa(ω) = α
′
a(ω) + iα
′′
a(ω) and αj(ω) = α
′
j(ω) +
iα′′j (ω) are fluorophores complex polarizabilities, p
0
d(ω) =
αd(ω)ejE0e
iϕj are the donors initial dipole moments
with some constant E0 and random phases ϕj simulat-
ing incoherent excited states. The electric field E is a
solution of Maxwell’s equation with dipole sources [49]
E(r, ω) =
4πω2
c2
∑
β
G(r, rβ ;ω) · pβ(ω), (4)
where index β = (a, j) runs over all dipoles positions,
G(r, r′;ω) is Maxwell’s equation Green’s dyadic, satis-
fying ∇ ×∇ × Gˆ − ǫ(r, ω)(ω/c)2Gˆ = Iˆ, and ǫ(r, ω) is
dielectric function of the metal, ǫ(ω), if r resides inside
the metal region and that of the outside medium, ǫ0, oth-
erwise. We are interested in the energy absorbed by the
acceptor in unit frequency interval,
dWad
dω
= −
ω
π
Im [p∗a(ω) · E(ra, ω)] =
ωα′′a
π
∣∣∣∣ paαa
∣∣∣∣
2
, (5)
where we used E(ra, ω) = pa(ω)/αa(ω) from Eq. (3). A
closed system for pj(ω) is obtained by using Eq. (4) to
eliminate the electric field from Eq. (3),
pa + αaDaapa + αd
∑
j
Dajpj = 0, (6)
pj + αdDjapa + αd
∑
k
Djkpk = p
0
j ,
where we introduced frequency-dependent matrix
Dββ′(ω) = −
4πω2
c2
eβ ·G(rβ , rβ′ ;ω) · eβ′ . (7)
Solving Eq. (6), we find
pa = −
αa
1 + αaD˜aa
∑
jk
DajSjkp
0
k, (8)
where the matrix Sjk is defined through its inverse as
S−1jk (ω) = δjk + αdDjk(ω) (9)
and D˜aa describes self-interaction of the acceptor near a
nanostructure in the presence of donors,
D˜aa = Daa − αd
∑
jk
DajSjkDka. (10)
Substituting pa from Eq. (8) into Eq. (5) and averaging
over random phases ϕj , we obtain
dW
dω
=
ωE20
π
|αd|
2 α′′a∣∣∣1 + αaD˜aa∣∣∣2
∑
jkl
DajSjkS
†
klD
†
la. (11)
The system eigenstates are obtained by diagonalizing the
coupling matrix of donors, Djk. The eigenstates |J〉 sat-
isfy equation Dˆ|J〉 = DJ |J〉, where the eigenvalues DJ
can be presented in the form
DJ =
2
3
k3 (∆J − iΓJ) /γ
r
d. (12)
Here ∆J and ΓJ are, respectively, frequency shift and de-
cay rate of the eigenstate J while γrd =
2
3
k3µ2d is donors
free space radiative decay rate (µd is dipole matrix ele-
ment). We now introduce the acceptor coupling to the
eigenstate J ,
DaJ =
∑
j
Daj〈j|J〉, (13)
where 〈j|J〉 stands for jth element of eigenvector J , and
the dressed eigenstates and acceptor polarizabilities,
α˜J =
αd
1 +DJαd
, α˜a =
αa
1 +Daaαa
. (14)
The dressed eigenstates polarizabilities satisfy the rela-
tion
α˜′′J +D
′′
J |α˜J |
2 =
α′′d
|1 +DJαd|
2
, (15)
which expresses energy balance of an eigenstate between
total extinction described by α˜′′j , external losses such as
radiation and dissipation in metal encoded in D′′jj(ω),
and absorption in the presence of environment (r.h.s.).
This relation generalizes a similar relation for a single
donor [37] to the case of an ensemble. For high-yield
donors (α′′d = 0), Eq. (15) implies the optical theorem in
absorptive environment for each system eigenstate,
α˜′′J = −D
′′
J |α˜J |
2 =
2
3
k3|α˜J |
2ΓJ
γrd
. (16)
The radiated energy of an isolated donor, Wd, reads [37]
Wd =
E20
π
∫
dωωα˜′′d0(ω), (17)
6where α˜d0 = αd
(
1− i 2
3
k3αd
)−1
is the donor polariz-
ability in the radiation field. Using the optical theorem
Eq. (16) and normalizing Eq. (11) to Wd, we obtain
1
Wd
dWad
dω
=
9σ˜a(ω)
8πk4
∑
J
f˜J(ω)
∣∣∣D˜aJ (ω)∣∣∣2 γrd
ΓJ (ω)
, (18)
where
D˜aJ(ω) =
DaJ
1− α˜a
∑
J DaJ α˜JDJa
(19)
is the acceptor-eigenstate coupling that includes high-
order transitions, and
σ¯a(ω) =
4πk
3
α′′a(ω)
|1 + αaDaa|
2
, f˜J(ω) =
ωα˜′′J(ω)∫
dωωα˜′′d0
(20)
are the acceptor’s absorption crossection and the eigen-
states spectral function. Note that the latter is
not integral-normalized to unity. Finally, integrating
Eq. (18) over frequency, we arrive at
Wad
Wd
=
9
8π
∑
J
∫
dω
k4
σ˜af˜J
∣∣∣D˜aJ ∣∣∣2 γrd
ΓJ
, (21)
The coupling matrix Dββ′ can be decomposed into free
space and NP-induced radiative and nonradiative parts,
Dββ′ = D
0
ββ′ +D
r
ββ′ +D
nr
ββ′ . For a spherical NP, in long-
wave limit, and for normal dipole orientations,Dββ′ takes
the form [48]
D0ββ′ =
[
1 + sin2 (θββ′/2)
]
/r3ββ′ ,
Drββ′ =− i
2
3
k3
[
1 + 2α1
(
1
r3β
+
1
r3β′
)
+
4|α1|
2
r3βr
3
β′
]
(rˆβ · rˆβ′),
Dnrββ′ =−
∑
l
αl(l + 1)
2
rl+2β r
l+2
β′
Pl(rˆβ · rˆβ′), (22)
where αl is NP polarizability, Pl(x) is the Legendre poly-
nomial, rˆβ is the unit vector along radial direction point-
ing at βth molecule, and θββ′ is the angle between βth
and β′th molecules positions (rˆβ · rˆβ′ = cos θββ′
